Abstract: We define and study the properties of generalized beam functions (BFs) and fragmenting jet functions (FJFs), which are fully-unintegrated parton distribution functions (PDFs) and fragmentation functions (FFs) for perturbative k ⊥ . We calculate at one loop the coefficients for matching them onto standard PDFs and FFs, correcting previous results for the BFs in the literature. Technical subtleties when measuring transverse momentum in dimensional regularization are clarified, and this enables us to renormalize in momentum space. Generalized BFs describe the distribution in the full four-momentum k µ of a colliding parton taken out of an initial-state hadron, and therefore characterize the collinear initial-state radiation. We illustrate their importance through a factorization theorem for pp → + − + 0 jets, where the transverse momentum of the lepton pair is measured. Generalized FJFs are relevant for the analysis of semi-inclusive processes where the full momentum of a hadron, fragmenting from a jet with constrained invariant mass, is measured. Their significance is shown for the example of e + e − → dijet+h, where the perpendicular momentum of the fragmenting hadron with respect to the thrust axis is measured.
Introduction
In the description of high-energy scattering processes, the rigorous identification of the contributions from dynamics at different energy scales is achieved through factorization theorems. These allow one to systematically separate the short-distance behavior, which is calculable in perturbation theory, from process-independent, non-perturbative contributions. Furthermore, factorization enables one to sum series of large logarithms of mass scale ratios, which would otherwise make the standard perturbative expansion unreliable.
In inclusive processes with colliding hadrons, nonperturbative effects are encoded in parton distribution functions (PDFs). The standard PDF f i (x, µ) describes the distribution in momentum fraction x of a parton of type i = g, u,ū, d, . . . inside an incoming energetic hadron. In this paper we will discuss fully-unintegrated PDFs, which depend on all components of the four-momentum k µ of the colliding parton. These allow one to keep exact kinematics rather than approximating incoming parton momenta as functions of x alone. Consequently, realistic distributions are obtained at leading order, for detailed final state measurements, like transverse momentum and invariant mass of jets [1] . The importance of fully-unintegrated parton densities was pointed out in the context of Monte-Carlo event generators in refs. [1] [2] [3] [4] , where they were called "doubly unintegrated parton densities" or "parton correlation functions". A field theoretic definition of fully-unintegrated PDFs and their applications in the pQCD formalism were discussed in refs. [5, 6] . Here we will focus on hadron-hadron processes where the colliding partons are far from threshold 1 and the initial-state radiation (ISR) emitted by a parton before entering the hard subprocess is constrained to a jet along the beam axis. This can for example be imposed through a veto on central jets or by an exclusive jet measurement, see e.g. [7] [8] [9] . The momentum of the ISR is straightforwardly related to k µ , as illustrated in fig. 1 in terms of light-cone momentum components.
The generalized beam functions B i (t, x, k ⊥ , µ) are fully-unintegrated PDFs where the parton virtuality −t and transverse momentum k ⊥ are perturbative scales. They were defined in impact parameter space in refs. [10, 11] and named iBFs. They contain information on the initial-state jets concerning both their invariant mass and their momentum component perpendicular to the beam axis, which equals − k ⊥ . The real ISR pushes the transverse virtuality −t ≡ k + k − < 0 of the colliding parton to be space-like 2 . In our kinematic setup {t, k 2 ⊥ } Q 2 where Q is the hard scale associated with the partonic subprocess. The assumption {t, k 2 ⊥ } Λ 2 QCD allows us to calculate the dependence of the fully-unintegrated PDFs on t and k ⊥ in perturbation theory. The dependence on x can be written in terms of the standard PDFs, on which the fully-unintegrated PDFs are matched. In this paper we will consider t to be parametrically of the same size of k 2 ⊥ , which avoids dealing with the resummation of logarithms in the ratio of these two scales.
Generalized BFs extend the definition of the standard BFs B i (t, x, µ) [7, 12] , which have been extensively used to study processes with zero central jets [7, 13, 14] , to include the measurement of the transverse recoil of ISR. Alternatively, starting from transversemomentum dependent (TMD) PDFs (or unintegrated PDFs) [15? -22] , one could think of the generalized BFs as a more differential version of them. However, the generalized BFs do not suffer from the rapidity divergences that affect TMD PDFs [23] , as pointed out at O(α s ) in ref. [10] . Instead, they have more in common with the standard BFs, like the anomalous dimension and one-loop matching onto PDFs, as we will show.
One of our results is that by integrating a renormalized generalized BF over k ⊥ , one recovers the corresponding renormalized standard BF. No new UV divergences appear since the integration range of k ⊥ is bound by the measurement of t and x:
where
Here r µ is the total momentum of the ISR (see fig. 1 ), with r 2 ≥ 0 since this radiation is observed in the final state. Note that this relation between generalized and standard BFs is by definition true for bare quantities, but is nontrivial for renormalized quantities. By contrast, integrating the generalized BFs over t does not yield TMD parton densities. Here the range of t is not bound, so the integral over t generates new divergences.
We study the renormalization of generalized BFs to all orders in perturbation theory. Their evolution is argued to be the same as for the standard beam and jet functions, which involves only the variable t. We discuss in detail how the proper definition of the relevant matrix elements is tied to the space where these get renormalized. In transverse momentum space, we show that in some cases a proper definition and renormalization requires us to measure the transverse momentum k ⊥ in 2 rather than (d−2) dimensions (all other momenta and polarizations are kept in d dimensions). We refer to the first case as CDR 2 and the second case as CDR. In the transverse coordinate space both schemes are valid and lead to the same results for the generalized BFs. These impact-parameter-dependent BFs (iBFs) were introduced in ref. [10] . We stress that the evolution of the BFs for a perturbative renormalization scale does not change for nonperturbative t and k ⊥ , since the operator defining it is the same.
In this paper we present the one-loop calculation of the matching coefficients between generalized BFs and standard PDFs, according to the hierarchy Q k ⊥ √ t Λ QCD :
A matching of this kind was first discussed in the context of TMD fragmentation functions in ref. [24] . In refs. [7, 12] the analogous OPE was performed for the matching of standard beam functions onto PDFs. In eq. (1.2) the matching scale µ B should be chosen of the order of √ t to avoid large logarithms that spoil the convergence of standard perturbation theory. The Wilson coefficients I ij describe the (real and virtual) radiation building up the ISR jet from the parent parton j until the parton i enters the hard interaction, which has the same interpretation as for the matching of standard BFs onto PDFs [14, 25] . We work out I ij for i and j being either a quark or a gluon. We will argue that the remaining ingredients (hard and soft functions) in factorization theorems for zero central jets are the same as those used in conjunction with standard BFs.
Our study of matching and renormalization allows us to compare with existing results obtained for iBFs in refs. [10, 11] . The diagonal coefficients Iand I gg in eq. (1.2) agree with the ones obtained in ref. [11] but the mixing terms I qg and I gq do not. Taking the results of refs. [10, 11] , and correcting the average over the incoming polarizations in dimensional regularization and fixing a sign resolve the discrepancy.
In a fashion similar to beam functions, the fragmentation of a light hadron h within a jet originating from a parton i whose invariant mass s is constrained, is described by fragmenting jet functions (FJFs) G h i (s, z, µ) [26] . Here z denotes the hadron-parton momentum fraction. Fragmenting jet functions have the same infrared structure as the standard fragmentation functions (FFs) D h j (z, µ) and can be perturbatively matched onto the latter [27, 28] . In this framework, we have recently analyzed up to NNLL the cross section for e + e − → Xh on the Υ(4S) resonance where one restricts to the dijet limit by imposing a cut on the event shape variable thrust. This is relevant for the study of light-quark fragmentation performed by the Belle collaboration [29] . For large values of thrust we found that going beyond leading order in the cross section is important for a reliable extraction of the fragmentation function parameters [27] .
Following our discussion on generalized BFs B i (t, x, k ⊥ , µ), we also study the features of generalized FJFs G h i (s, z, p ⊥ h , µ), which also depend on the momentum p ⊥ h of the observed hadron perpendicular to the jet axis. We discuss their renormalization and calculate the oneloop matching coefficients onto standard FFs according to the hierarchy Q p ⊥ h √ s Λ QCD . We argue that to all orders in perturbation theory the running of generalized FJFs is the same as that of the jet functions (as is the case for the standard FJFs). The paper is organized as follows. In sec. 2 we set up the theoretical framework, give the definitions of quark and gluon generalized BFs and FJFs, and discuss their all-order renormalization, both in momentum space and in impact parameter space. We make a general comparison with the existing SCET literature on generalized BFs [10] in sec. 2.2.3, and discuss the disagreement on the matching coefficients in sec. 3.2. In app. A we stress the need for ultra-soft zero-bin subtractions in the definition of BFs via a detailed calculation of the quark generalized BF where UV, IR and rapidity divergences are taken care of by different regulators. Sec. 3 is devoted to the calculation of the quark and gluon matching coefficients onto the standard PDFs/FFs. The details of the one-loop calculation of the gluon BF in momentum space using CDR 2 are given in app. B. In sec. 4 (and sec. 2.2.4) we illustrate the relevance of generalized BFs and FJFs with factorization theorems for transverse momentum dependent distributions. We discuss p ⊥ -distributions in Drell-Yan with a central jet veto and in gg → H → W + W − → + ν −ν + 0 jets. We also analyse single-hadron fragmentation in e + e − where a cut on thrust is used to restrict to dijet final states and the full hadron momentum is measured.
Definition and Renormalization of Generalized BFs and FJFs

SCET Ingredients
As explained in the introduction, in this paper we deal with processes governed by three different perturbative scales: a hard scale Q associated with the partonic subprocess, an intermediate jet scale given by the square root of the jet invariant mass s or the transverse virtuality t, and a soft scale of order s/Q or t/Q, respectively. We will always consider the mass of the incoming/fragmenting hadron to be negligible. We will also include effects at the non-perturbative scale Λ QCD through standard PDFs and FFs. We restrict our analysis to the case that the transverse momentum of the ISR or the momentum of the fragmenting hadron perpendicular to the jet axis are of the order of the jet scale. After integrating out the hard dynamics, we are left with degrees of freedom describing the energetic radiation inside well-separated jets and the soft emission between them (collinear and ultra-soft modes, respectively). Therefore, Soft-Collinear Effective Theory (SCET) [30] [31] [32] [33] is well suited to study generalized BFs and FJFs.
Collinear modes are characterized by having large energy and small invariant mass, and therefore are conveniently described using light-cone coordinates. We introduce a light-cone vector n µ whose spatial part is along the collimation axis, and another light-cone vectorn µ such that n 2 =n 2 = 0 and n ·n = 2. Any four-vector p µ can then be decomposed as p µ = (p + , p − , p µ ⊥ ) with p + = n · p, p − =n · p and p µ ⊥ , which contains the components of p µ perpendicular to n µ andn µ . The momentum p µ of a collinear particle scales as (p
, where λ 1 is the SCET expansion parameter. For the ultra-soft degrees of freedom, the momentum scales like
The SCET fields for n-collinear quarks and gluons, ξ n,p (y) and A n,p (y) respectively, are labeled by the direction n and the large (discrete) momentum p . Their argument y is conjugate to the small residual (continuous) momenta 3 . We explicitly exclude the case p µ = 0 in collinear fields to avoid double-counting the soft degrees of freedom (which are described by separate ultra-soft quark and gluon fields). In practice, when calculating matrix elements, this is implemented via zero-bin subtractions [34] . Collinear operators are built out of products of fields and Wilson lines that are invariant under collinear gauge transformations [31, 32] . The basic building blocks are the collinearly gauge-invariant quark and gluon fields, defined as 
sums up arbitrary emissions of n-collinear gluons which are O(1) in the power counting. At leading order in the SCET power expansion, the interactions of ultra-soft gluons with collinear fields exponentiate to form eikonal Wilson lines. The ultra-soft gluons can thus be decoupled via the BPS field redefinition [33] 
3)
The collinear fields we consider in this paper are those after this decoupling, and we drop the superscript (0) for notational convenience. Here Y n (y) is an ultra-soft Wilson line in the fundamental representation
The symbol P in eq. (2.4) denotes path ordering of the color generators along the integration path.
Generalized Beam Functions
Definition
The bare quark and gluon beam functions (BFs) are defined by the following proton matrix elements of bare SCET operators:
where an average over the proton spin is assumed. The light-like vector n µ is chosen such that the proton states have no perpendicular momentum, p µ = p − n µ /2. By boost invariance along the z-axis, these functions only depend on the momentum fraction x = k − /p − , the transverse virtuality −t = k − k + of the parton, and the transverse momentum k ⊥ . The label momentum operators P act on the fields inside the square brackets whereasp + measures the plus momentum of any intermediate state.
If we switch from momentum to position space, the fields in eq. (2.5) will be separated by a distance y µ . Ultra-soft Wilson lines along the large y − separation are factored out in the BPS-redefined fields χ n and B n⊥ of eq. (2.5). The collinear Wilson lines in eq. (2.1) are along the small y + direction. Since y ⊥ = 0, the BFs defined in eq. (2.5) are invariant under (ultra-soft and collinear) covariant gauge transformations because in this case the gauge field vanishes at infinity. The subtleties arising in the definition of these functions in singular gauges are similar to those affecting TMD PDFs, see e.g. refs. [23, 35? -38] . Since we deal with factorization theorems for gauge invariant quantities, we can always choose a non-singular gauge to carry out our calculations.
The quark BF is a Lorentz scalar which only depends on the magnitude of k ⊥ and hence we could replace δ 2 ( k ⊥ − P n⊥ ) with δ( k 2 ⊥ − P 2 n⊥ )/π. In the gluon BF, the measurement of k ⊥ allows a new Lorentz structure [10] , namely
Thus the tensor structure of the gluon BF and the dependence on the full k ⊥ must be kept. In a factorized cross section for two colliding gluons the Lorentz indices between two gluon BFs get contracted, see eq. (2.12). The new Lorentz structure L 2 only starts at one loop in the BF and it only starts to contribute to the cross section at two loops, since L 1 · L 2 = 0. In order to interpret eq. (2.5) for the quark BF in QCD, in the Fourier transform, the field χ n (y) should be replaced by V (y, n)ψ(y) with V (y, n) defined as P exp − ig ∞ 0 ds n · A(y + sn) . In addition, soft subtractions need to be performed to avoid double counting of overlapping momentum regions [? ] , in analogy to SCET zero-bin subtractions.
An alternate definition of fully unintegrated parton distribution function, dubbed parton correlation function (PCF), was given in ref. [5] in the context of QCD factorization. In covariant gauges and in coordinate space, the PCF is defined as
which depends on all four components of the coordinate y, proton rapidity η p and a soft "cutoff" rapidity η s . n s = (−e ηs , e −ηs , 0 ⊥ ) is a space-like vector required to provide a boundary between left-moving and right-moving partons. n T = (−e −|2ηp| , 1, 0 ⊥ ) is a non-light-like (or approximately light-like) vector and is required to regulate the rapidity divergences. Qualitatively, the denominator serves the same purpose as zero-bin subtractions in SCET. However, there are important distinctions between our definition and the PCF. Note that the numerator in eqn. (2.7), which can be considered as a naive definition of the PCF, has space-like Wilson lines unlike our definition of BFs which has light-like Wilson lines. Another important distinction arises in the RG equations. Apart from the usual RG equation in µ, the PCF satisfies a Collins-Soper equation in η s . This η s dependence would cancel against another collinear sector, so that the cross-section does not depend on η s . In our case, the soft overlap of the beam functions is only with momenta of order Q(λ 2 , λ 2 , λ 2 ), hence BFs are not rapidity divergent after zero-bin subtractions have been implemented. This is discussed in Appendix A. As a consequence, the standard RG equation in µ is sufficient to sum all the large logarithms in our BFs.
Treating Transverse Momenta in Dimensional Regularization
In this section we discuss a technical issue arising in dimensional regularization when the full perpendicular momentum is measured rather than its norm. This is the case, for example, of the gluon generalized BF. We now show that the proper definition of this function in momentum space involves the measurement of k ⊥ in 2 dimensions (CDR 2 ) rather than in d − 2 dimensions (CDR). With renormalization carried out in impact parameter space, CDR and CDR 2 are both valid schemes which yield the same results for the calculations in this paper, as shown in sec. 3.2. However, we expect that CDR and CDR 2 would in general lead to different results for the finite terms of other transverse-coordinate-dependent functions.
The essential point of our argument is that the matrix element of operators (like the BFs) should be in integer dimensions, to have an unambiguous expansion in = (4 − d)/2. This cleanly separates the divergences, facilitating the resummation of logarithms sector by sector. Requiring the matrix elements to be in integer dimensions fixes the dimension of the δ-function measuring the transverse momentum.
We point out that the bare matrix elements have the same integer mass dimension as the renormalized ones. This follows from .5) the -dimensions thus cancel between fields and external one-particle states. Therefore the transverse momentum for the generalized gluon BF has to be measured in 2 dimensions, thus CDR 2 is a sensible scheme. We stress that this would not be the case in CDR, where eq. (2.5) would involve a δ d−2 ( k ⊥ − P n⊥ ). For the quark generalized BF, which depends on the norm | k ⊥ |, both schemes will work. In CDR this requires using the identity
In impact parameter space the gluon generalized BF is renormalizable both in CDR 2 and in CDR. In the latter case one performs a (d − 2)-dimensional Fourier transform with respect to k ⊥ [10, 11] which ensures that the bare iBF is in integer dimensions. The proper modifications of the Lorentz structures in eq. (2.6) for the bare beam functions in the CDR and CDR 2 schemes are CDR : Since in CDR 2 only the purely two-dimensional perpendicular momentum gets measured, the −2 -dimensional contribution is not associated to a specific direction and should only appear in L 1 . This is shown in the explicit calculation for the gluon BF in app. B.
General Comparison with SCET Literature
Generalized BFs are purely collinear matrix elements composed of collinear fields and states. Integrations over full phase space and loop momenta overlap with the momentum region corresponding to the ultra-soft modes. To attain a proper definition of collinear matrix elements we must implement zero-bin subtractions [34] . Previously, generalized BFs in impact parameter space (iBFs) were defined without explicit ultra-soft zero-bin subtractions [10, 11] 4 . We show in app. A that in absence of these subtractions the generalized BFs suffer from rapidity divergences, by explicitly calculating the quark BF at one-loop with IR and rapidity regulators different from dimensional regularization.
Generalized BFs naturally arise in the context of observables which are sensitive to collinear and ultra-soft modes. In our framework the initial-state radiation is constrained to energetic jets (described by collinear fields) with only ultra-soft radiation between jets due to our measurement of the transverse virtuality −t ∼ Q 2 λ 2 . Therefore the soft modes [which scale like Q(λ, λ, λ)] cannot appear here as real radiation. Virtual exchange of soft gluons could in principle transfer perpendicular momentum between the two colliding partons. However, there is no measurement sensitive to this momentum transfer, rendering scaleless integrals for the soft contribution. In other words, a collinear particle within a jet can only recoil against another particle within the same jet. Our observables will become sensitive to soft radiation only if parametrically k 2 ⊥ t ∼ λQ 2 . However, in this case the contribution of collinear radiation to t is power suppressed and one would have to deal with TMD PDFs rather than generalized beam functions. Alternatively, the generalized BFs do not have support on the soft region. We have assumed that effects from Glauber modes cancel out.
By contrast in refs. [10, 11] , the iBFs were used for cross sections where there is no constraint on t but only on k ⊥ . This in principle permits contributions from soft modes, which they treat as explicit degrees of freedom in the effective theory. In light of the previous paragraph this raises concern about the proper accounting of modes and power counting in their factorization theorem. For example, their soft function depends on all momentum components, so it naively has an overlap with the ultra-soft region. Since the ultra-soft zero-bin subtractions were performed for the iBFs, which also depend on all momentum components, it is not clear to us how the ultra-soft subtractions for the soft function should be performed in their framework. A detailed discussion of their factorization theorem is beyond the scope of this paper.
In sec. 3.2 we will resolve a discrepancy in the literature between refs. [11, 14] regarding the matching coefficients I qg and I gq of BFs onto PDFs, in favor of ref. [14] . In pure dimensional regularization zero-bins vanish and therefore the matching coefficients obtained in ref. [10, 11] should coincide with our calculation in this paper. As we will explain, the discrepancy is due to an oversight in ref. [11] .
Renormalization
We will now argue that the renormalization of the generalized BF is the same as that of the standard BF, to all orders in perturbation theory. In turn this equals the jet function renormalization [25] for which the anomalous dimension is known to three-loop order [14, 39, 40] . This fact is quite useful since resummed calculations require anomalous dimensions at higher order in α s than the fixed-order contribution.
Assuming the validity of a factorization theorem, we give an argument for the all-orders renormalization of the generalized BFs. In essence, in the factorization theorem the additional transverse momentum dependence only appears in the BF, and thus the generalized and standard BF have the same anomalous dimension. Consider, for example, the case of Higgs production through gluon fusion (gg → H), where a central jet veto is imposed through the beam thrust event shape T cm defined in the hadronic center-of-mass frame [14] . This example involves the two different Lorentz structures in the gluon BF. It will be convenient to separately measure the contributions to T cm from each of the two hemispheres orthogonal to the beam axis defined as 11) where the sum on i runs over all particles in the final state except the Higgs. Here | p ⊥ i | and η i are the transverse momentum and pseudorapidity of the particle i with respect to the beam axis. The factorization theorem for small beam thrust in ref. [7] can be generalized to the case where we also measure the transverse momenta of the two ISR jets
where σ 0 is the Born cross section. The rapidity Y and mass m H of the Higgs are related to the momentum fractions x a,b by
13)
The second equality in eq. (2.12) is obtained by inserting the Lorentz structures of eq. (2.6).
The hard function H gg describes the virtual corrections at the hard scale m H , and S gg ihemi is the incoming hemisphere soft function. Since only the large momentum components enter the hard function H gg , the additional measurement of the transverse momenta k a⊥ , k b⊥ does not affect it. By requiring that parametrically {T a , T b } ∼ { k a⊥ , k b⊥ }, the contribution of the ultra-soft radiation to the transverse momenta is power suppressed, so S gg ihemi is the same soft function as in ref. [7] . Soft degrees of freedom do not contribute, as explained in sec. 2.2.3.
The µ-dependence of the cross section cancels up to the order one is working, implying that the anomalous dimensions of the hard, soft and beam functions cancel each other. Since H gg and S gg ihemi are unchanged by the additional measurement of the transverse momenta, the products of the standard beam functions B g (t a , x a , µ)B g (t b , x b , µ) and the products of the generalized beam functions The renormalization of the standard beam function equals that of the jet function [25] , so we conclude that the renormalization of the generalized beam functions is given by
where Z J and γ J are the jet function renormalization factor and anomalous dimension. There is no mixing between different parton types, so i on the right-hand side is fixed (not summed). Explicit expressions for γ q B may be found in app. D.2 of ref. [8] and for γ g B in app. B.3 of ref. [14] .
It may be surprising that the renormalization in eq. (2.14) depends on t = −k − k + , instead of the Lorentz invariant combination t + k 2 ⊥ = −k 2 . In SCET, Lorentz invariance is broken by the choice of n µ andn µ . Instead we have reparametrization invariance (RPI) [41, 42] , which encodes the arbitrariness in choosing n µ andn µ . RPI can be divided into three types: RPI-I and RPI-II transformations correspond to rotations of n andn, while for RPI-III Figure 2 . Fragmentation of the hadron h inside the jet Xh.
n µ → e α n µ ,n µ → e −αnµ . These transformations preserve the SCET power counting and the defining relations n 2 =n 2 = 0, n ·n = 2. Let us now study the implications of RPI on the renormalization of the quark beam function. To this end we strip the beam function in eq. (2.5) of the external proton states, since the states do not affect the renormalization.
Starting from the most general structure for the renormalization of the resulting operator O q , we find
The RPI transformations change P, P µ n⊥ andp + inside O q into one other. By a suitable change of variables for k − , k + , k 2 ⊥ andk − ,k + ,˜ k 2 ⊥ , the operators take their old form and the effect of the RPI transformation is moved entirely into the Z factors. Based on RPI two structures are allowed: in Z q 1 the renormalization is purely in t, in Z q 2 the renormalization can depend on both k 2 and z. Eq. (2.14) shows that the structure Z q 2 is absent to all orders, as verified by our one-loop calculation.
Generalized Fragmenting Jet Functions
The fragmenting jet functions (FJFs) G h i (s, z) describe the fragmentation of a light parton i to a light hadron h within a jet originating from i, where in addition to the momentum fraction z, the invariant mass s of the jet is measured [26] . Here, we will consider generalized FJFs, which depend also on the transverse momentum of the hadron p µ h⊥ ∼ √ s with respect to the jet axis, see fig. 2 . We could define the generalized gluon FJF with uncontracted indices, as we did for the gluon BF in eq. (2.5). However, the new Lorentz structure only contributes at higher orders, especially for e + e − collisions, due to the need of contracting indices with another gluon matrix element. We therefore restrict ourselves to the case with contracted 
where s = k 2 = k − k + is the invariant mass of the collinear radiation building up the jet (including the observed hadron). The label momentum operators P and P ⊥ n act on the fields inside the square brackets, and the residual momentum operatorp + acts on the intermediate states. The state |Xh = |Xh(p h ) contains a hadron with momentum p h , and a sum over the polarizations of h is assumed. At variance with ref. [26] , we choose to combine the label and residual minus and perpendicular momentum components into continuous variables (see also ref. [27] ). In G h q the trace is taken over color and Dirac indices, and the factor 1/(2N c ), where N c = 3 is the number of colors, comes from averaging over the color and spin of the parent parton. In G h g an average over colors and the (d − 2) polarizations of the gluon is performed. In ref. [26] , a simple replacement rule was obtained that allows one to obtain the factorization theorem, when the momentum fraction z of a hadron in a jet is measured, from the corresponding inclusive case. Assuming cancellation of Glauber contributions, this can be extended to the situation where | p ⊥ h | is also measured,
This equation is consistent with the fact that FJFs occur in SCET I factorization theorems where the transverse momentum of collinear particles is much larger than that of ultra-soft momenta. Soft modes do not contribute for the same reason as in the beam function case. Therefore the observed hadron only recoils against the other collinear particles within that jet. The replacement rule in eq. (2.17) still holds in the case of two (or more) gluon FJFs, if the angles of p h⊥ are not observed. In this case the second Lorentz structure does not contribute. As a consequence of eq. (2.17), the jet function J i and the FJF G h i have the same renor-malization, and thus the same anomalous dimension,
where the parton type labelled by the index i is not summed over. In analogy with the argument for the all-order renormalization structure in sec. 2.2.4, let us take as example the decay rate of the single-inclusive jet-like process B → (Xπ) u ν, where the leading-power factorization theorem has the structure [26] 
The measurement of the hadron ⊥-momentum affects only one function, namely G π u , the hard coefficient H and the soft function S do not change. Since the anomalous dimensions of all the functions of the RHS of eq. (2.19) must cancel, the ⊥-momentum of the hadron cannot change the anomalous dimension of G h i . More intuitively, the integral over p 2 h⊥ is bound once s is measured since p 2 h⊥ = p
Therefore integrating over p 2 h⊥ cannot produce UV divergences.
One-loop Matching
In this section we discuss the matching of beam functions onto PDFs and fragmenting jet functions onto fragmentation functions. The one-loop matching coefficients are presented. We also provide the conversion relation from perpendicular-momentum to impact-parameter space. We compare to previous results for the matching coefficients in refs. [10, 11] and discuss the disagreement.
Generalized Beam Functions
In SCET the PDFs are defined as matrix elements of collinear fields with collinear proton states and are equivalent to the PDFs in QCD [43] . We illustrate this by giving the definition of the quark PDF in SCET and QCD respectively,
The Fourier transform over the light-cone separation y + of the two fields in QCD is replaced by a delta function of the conjugate large label momentum in SCET. 
where the index j sums over parton flavors. As stated in the introduction, we have assumed that t and k 2 ⊥ are parametrically of the same size and thus get "integrated out" at the same time. The matching coefficients I ij andĨ ij will contain logarithms of k 2 ⊥ /t, which are small because of this assumption.
We determine the matching coefficients in eq. (3.2) by replacing the proton states in the BFs and PDFs by a collinear quark or a collinear gluon. At one loop, where at most one emission takes place, the invariant mass of the ISR is r 2 = 0. Eq. (1.1) then becomes an equality,
It is now straightforward to obtain the one-loop matching coefficients I ij from the calculation of the one-loop standard beam function in refs. [14, 25] , by including the extra perpendicularmomentum δ-function in eq. (2.5) and using eq. (3.3). The one-loop calculation of the gluon BF with uncontracted Lorentz indices is given in app. B, from which we obtainĨ ij . The tree-level and one-loop matching coefficients are given by
where the plus distributions L n are defined as
and satisfy the boundary condition 1 0 dx L n (x) = 0. The expressions in eq. (3.4) involve the color factors
the splitting functions
[where Pis unconventionally defined without the 3/2 δ(1−x) term to simplify eq. (3.4)] and
Note that the cancellation of IR divergences in the one-loop matching of the standard BFs [25] , immediately carries over to the generalized BFs as well.
Comparison with Matching Coefficients of iBFs
The conversion of our results to impact-parameter space is needed to compare with the matching coefficients for iBFs in refs. [10, 11] . Here we give the necessary equations both for CDR and CDR 2 schemes. We will show that for our calculation CDR and CDR 2 yield the same result in impact-parameter space (even though CDR is not suitable for momentum space, see sec.
2.2.2).
For the two Lorentz structures in eq. (2.10) the transformation to the impact parameter y ⊥ in CDR is given by 
10)
The angular integral was performed using
where φ is the angle between k ⊥ and y ⊥ . In sec. 2.2 we showed that the renormalization of the BF does not affect k ⊥ , so the UV divergences are multiplied by δ( k ⊥ ). Since the PDF does not depend on k ⊥ (by definition), the IR divergences in the BF are multiplied by δ( k ⊥ ) as well. Therefore any O( ) pieces that may appear in eq. (3.9) due to the difference between CDR and CDR 2 never get enhanced by 1/ divergences,
Using eq. (3.9), it is now straightforward to compare our results with the matching coefficients for the iBFs in refs. [10, 11] . We agree with I gg , Iand the matching coefficient for the new k ⊥ -dependent Lorentz structure in eq. (3.4). We disagree with I gq and I qg and discuss what we believe is the problem in refs. [10, 11] . Their calculation relies on the fact that in pure CDR the partonic f i/j is 13) implying that I ij is simply the finite part of the one-loop beam function,
However, the definition of the PDF, which yields eq. (3.13), requires one to average over the spins of the incoming parton. They do not do this correctly for B g/q and B q/g , where they sum over the spins and then divide by d − 2 (rather than 2) for B g/q and 2 (rather than d − 2) for B q/g . This incorrect averaging leads to a modification of the matching in eq. (3.14). For example, for B q/g
Including this additional term, their result agrees with our calculation. Note that since in ref. [25] and in app. A of the present paper the PDFs are explicitly calculated, these derivations are not prone to this problem. A similar issue occurs for I gq , but there in addition the sign of the δ(t) ln[(1 − x)/x]P gq (x) term in I gq does not agree with the calculations in ref. [14] and our app. B. We were unable to identify the origin of what we believe is a sign error in Ref. [11] .
Fully-Unintegrated Fragmentation Functions
The FFs in SCET, which are defined in terms of collinear fields and collinear intermediate states |Xh [26, 27] , are equivalent to the standard QCD FFs that appear in factorization theorems at leading power, since the sum over the intermediate states is dominated by jetlike configurations [44] . As for PDFs, the zero-bin contributions cancel against each other in the sum over the graphs at each order, because these functions are insensitive to the scale associated with the ultra-soft radiation accompanying the parton [27] . (This is not the case for FJFs, where the zero-bin contributions do not completely cancel each other.) The matching of the FJFs onto standard FFs corresponds to an operator product expansion analogous to the case of the BFs. Our calculation at one loop in ref. [27] represents an explicit check that the additional measurement on the jet invariant mass does not spoil the cancellation of the IR divergences between FJFs and FFs.
Starting from
the matching is performed by replacing the observed hadron in the FJF and in the FFs by a collinear quark or a collinear gluon. With at most one real emission, the perpendicular momentum p 2 ⊥ of this parton is completely fixed in terms of s and z
which follows from momentum conservation and the on-shell condition p 2 = 0. As for the BFs, we can now straightforwardly obtain the matching coefficients from the calculation of the one-loop standard fragmenting jet function in ref. [27] , by adding the delta function for the perpendicular momentum. There the quark fragmenting jet function was calculated using a gluon mass m as IR regulator. The gluon mass would in principle modify eq. (3.17). However, at the end of the calculation the limit m → 0 is taken to isolate the IR divergences. It is safe to take this limit ahead of time in eq. (3.17) since it does not modify the result for these divergences.
We find that the one-loop matching coefficients are given by
where C ij , P ij (z) and I δ ij (z) were given in eqs. (3.6), (3.7) and (3.8).
Examples of Factorization Theorems
This section is devoted to illustrative examples of leading-power factorization theorems involving generalized BFs and FJFs. The first one concerns the transverse momentum Q ⊥ -distribution of a Drell-Yan lepton pair at perturbative values of Q ⊥ with a veto on hard central jets. This factorization formula can be straightforwardly extended to the case of Higgs production through gluon fusion (gg → H) and Higgs Strahlung→ HV . The factorization theorem for gg → H was used in sec. 2.2.4 to discuss the renormalization of BFs. The purpose of this paper is to describe the general picture associated with BFs, which suggests that they will play a role in describing transverse momentum distributions for events with any number of energetic well-separated jets, e.g. pp → W/Z + n jets, once open factorization issues concerning for example the contribution from Glauber modes are settled. As a paradigm of factorization theorems involving FJFs, we will discuss the p ⊥ -distribution of the observed hadron in e + e − → Xh, where a cut on the thrust event shape is applied to restrict to dijet final-state configurations. Such a cut on thrust is utilized by the Belle collaboration to study light-quark fragmentation in their on-resonance data, in order to remove the large b-quark background. Here we consider the case of spin-averaged fragmentation. When polarization and azimuthal correlations between hadrons in back-to-back jets are taken into account, our framework can be applied to study Belle data on polarized light di-hadron fragmentation in opposite hemispheres e + e − → dijets + 2h.
Transverse Momentum Distribution in pp → + − + 0 jets
We start our discussion by considering Drell-Yan (DY) production, pp → + − , of lepton pairs with a large invariant mass Q. Factorization at leading power in Λ QCD /Q has been discussed by Collins, Soper and Sterman, for any value of the transverse momentum of the lepton pair Q ⊥ with respect to the beam axis, namely both cases Q ⊥ ∼ Q and Q ⊥ Q [45] . Since Q ⊥ equals the sum of the transverse momenta of the colliding partons entering the hard subprocess, the DY cross section is directly sensitive to the partonic transverse momenta.
The rigorous proof of the cancellation of contributions from Glaubers modes, which amount to initial-state hadron-hadron interactions taking place before the annihilation, that would spoil factorization [46] , has been achieved in ref. [47] for the case of inclusive DY. Ref. [7] discusses an extension to the isolated DY process, pp → + − + 0 jets, where a central jet veto is imposed, restricting energetic ISR to be close to the beam axis. In this framework, the colliding partons are far from threshold (as in the inclusive case) and the collinear radiation is described by beam functions. Here we consider a more differential case, combining this with the study of transverse momentum distributions. We impose the central jet veto through a cut on the beam thrust event shape T cm , defined in the hadronic center-of-mass frame as [14] T
The sum on k runs over all particles in the final state, except for the signal leptons, where p ⊥ k and η k denote the transverse momentum and rapidity of the particle with respect to the beam axis. The jet veto, T cm ≤ T cut cm Q, leads to large logarithms α n s ln m T cut cm /Q (with m ≤ 2n) in the cross section.
If Λ QCD Q ⊥ √ T cm Q Q, we can write the following leading-power factorization formula following ref. [7] dσ
where σ 0 is the Born cross section and φ is the angle between k ⊥ a and k ⊥ b . The momentum fractions are given by
with E cm being the center-of-mass energy and Y the total rapidity of the leptons. The sum in eq. (4.2) extends over the various quark flavors without mixed terms, i.e. ij = {uū,ūu, dd, . . . }. The hard function Hencodes the virtual effects at the hard scale Q due to the underlying hard process. It only depends on the large momentum components and not on the perpendicular momenta. The ultra-soft radiation is described by the soft function SB , and the contribution of the soft radiation to Q ⊥ is power suppressed, due to our hierarchy of scales. Therefore Hand the soft function SB are the same as in ref. [7] . Only the BFs account for the recoil of the energetic initial-state radiation against the final-state leptons.
Eq. (4.2) and the one-loop matching coefficients in sec. 3 provide all the ingredients needed to analyze up to NNLL the DY cross section in terms of T cm and Q ⊥ , which can be tested for example against LHC data where the effect of resummation of large logs is expected to be important due to the large separation of scales. Because of our assumption Q 2 ⊥ ∼ T cm Q, the logarithms of T cm Q/ Q 2 ⊥ in the cross section are not large. These are generated by the corresponding logarithms of t/ k 2 ⊥ in the beam functions, through the convolutions in eq. (4.2).
Our approach provides two handles on the ISR, by simultaneously measuring its transverse momentum and beam thrust. This can be useful in the discovery and interpretation of new physics according to the authors of ref. [48] . For the example of SUSY di-squark (and di-gluino) production at threshold, their method leads to the determination of the sparticle mass. This entails a boost along the (beam) z-axis to the frame where the net p z of the final state radiation is zero. They determine the boost parameter from measurements on the final-state radiation, but this may also be achieved using beam thrust [8] , which has the advantage of being unaffected by the presence of invisible final-state particles. In addition, their approach relies on the determination of the transverse momentum of the ISR. Our paper provides the tools for a reliable calculation of the cross section differential in beam thrust and the transverse momentum of the ISR, which is the input of their method.
Measuring the Full Hadron Momentum in
In ref. [27] , the spin-averaged fragmentation of a light hadron was studied in the process e + e − → dijet + h. Experimentally [29] , the dijet limit is imposed by a cut on the thrust event shape [49] 
which we will use as well. In eq. (4.4), the sum runs over all particles in the final state and the value oft that maximizes T is called the thrust axis, which in the two-jet limit is along the direction of the jets. We will use the variable τ = 1 − T , where τ close to 0 corresponds to configurations with two narrow, pencil-like, back-to-back jets. The maximum value of τ = 1/2 instead corresponds to a spherically symmetric event. The cut on thrust, τ ≤ τ cut 1, leads to double logarithms α n s ln m τ (m ≤ 2n) in the cross section, that were resummed up to NNLL in ref. [27] . Here, we consider the situation where, in addition, the transverse momentum of the hadron p ⊥ h with respect to the thrust axis is measured. For intermediate values of p h⊥ , namely for Λ QCD p h⊥ ∼ √ τ E cm E cm (in accordance with the SCET I power counting) the following factorization formula holds
where σ 0 is the Born cross section. Since the hadron is produced by the energetic radiation inside a jet, assuming cancellation of Glauber contributions, the only modification required to the right-hand side of the factorization theorem in ref. [27] is the replacement of the standard FJFs by the generalized FJFs. The hard function H encodes virtual effects from the hard process at the hard scale E cm , the soft function S τ describes the contribution to thrust due to ultra-soft emissions, and the jet function J is associated with the energetic radiation in the jet which does not contain the detected hadron. All these functions are the same as in ref. [27] . Together with the matching coefficients in sec. 3 we provide all the ingredients to determine the cross section in eq. (4.5) at NNLL order. Since p h⊥ ∼ √ τ Q, the logarithms of √ τ Q/p h⊥ in the cross section are not large.
Conclusions
In this paper we defined and studied the generalized BFs and FJFs. The former describe the distribution in the full four momentum k µ of a colliding parton taken out of the incoming hadron, for perturbative values of k µ ⊥ . We considered t = −k + k − ∼ k 2 ⊥ which avoids introducing an additional hierarchy between these two scales. Generalized BFs are relevant for factorization theorems for exclusive N -jet processes, when the measurement is sensitive to the transverse momentum of the ISR. We show explicitly that a proper definition of generalized BFs requires ultra-soft zero-bin subtractions. We have argued that the renormalization of the generalized BF is the same as that of the jet function, and discussed an important subtlety in defining and calculating perpendicular momentum dependence using dimensional regularization. We have calculated the one-loop matching of BFs onto standard PDFs and corrected the non-diagonal coefficients I gq and I qg previously worked out in ref. [11] .
We similarly discussed the generalized FJFs, which describe the full momentum p µ h dependence of a hadron h fragmenting from a parton with virtuality s. The perturbative regime
QCD is assumed. An example for which we give the factorization theorem involving generalized FJFs is e + e − → dijet + h, where a cut on the thrust event shape is used to impose the dijet limit and the full hadron momentum is measured. The Belle collaboration employs such a cut on thrust to remove B-meson events from the data sample on the Υ(4S) resonance and study light-quark fragmentation [29] . The extension of our framework to include spin correlations, would allow one, for example, to study the Collins effect [50] . We showed that the renormalization of the FJF is equal to that of the jet function and obtained the one-loop Wilson coefficients for matching FJFs onto standard fragmentation functions. 
A One-Loop Quark BF with IR and Rapidity Regulators
We present detailed results for the quark generalized BF calculation at one loop, showing the structure of the IR and UV divergences, the zero-bin contribution and the cancellation of the rapidity divergences. To ensure an unambiguous calculation, we regulate the IR, UV and small rapidity region in the integral with distinct regulators. We use dimensional regularization for UV divergences, for IR divergences we use a gluon mass (or a quark mass for the mixing contribution) and to regulate rapidity divergences we use the δ-regulator [51] . Rapidity divergences arise in a loop-integral with eikonal propagators when k + k − is fixed but either k + or k − goes to zero, see for example [52] . The δ-regulator of ref. [51] takes care of such divergences, however, historically it has been thought of as an IR regulator. In ref. [27] we calculated the fragmenting jet functions and fragmentation functions employing this same choice of regulators. We find that the UV divergences extracted from this calculation of the generalized BF are the same as those of the jet function and the standard beam function [7, 25] . We will show that only after an ultra-soft zero-bin subtraction the rapidity divergences are cancelled in the BF and the IR divergences match with those of the PDF, as expected. Consequently we find that the (quark) BF, without zero-bin subtractions, contains rapidity divergences.
The graphs contributing to the quark BF at one loop are shown in fig. 3 . Including the We will start with diagram fig. 4(a) , first giving the expressions and then we will comment on the calculation and several of its subtleties.
The plus distributions L n are defined in eq. (3.5) and the splitting function P gg in eq. (3.7) . Following the standard gluon BF calculation in ref. [14] , we will average over the colors and polarizations of the incoming gluons, The µ ν Lorentz structure produces a − 2 g µν /(2 ), where g µν is the −2 -dimensional part of the metric tensor.
To clearly separate the variables in the third expression, we swapped k 2 ⊥ for u = x k 2 ⊥ /[(1− x) t], which is kinematically restricted to 0 ≤ u ≤ 1. We included the Jacobian for changing the variable of the distribution from k 2 ⊥ to u, since distributions are tied to the corresponding measures, B( k We then use the distribution identity 6) to obtain distributions in t/µ 2 , 1−x and 1−u. (The du/d k 2 ⊥ should not be expanded.) Based on the one-loop kinematics we would expect the expression to be proportional to δ(1 − u), but the expansion also produces a L 0 (1 − u) and L 1 (1 − u) as well. However, all these terms are multiplied by a δ(t) or a δ(1 − x), implying that k 2 ⊥ = 0. The situation is similar to having a φ dependence at θ = 0 in spherical coordinates, where all choices of φ are equivalent. We are therefore free to replace this u dependence by a delta function times its average value L n (1 − u) → 0 , uL n (1 − u) → δ(1 − u) 
e γ E Γ(− ) θ(t)t −1− θ(1 − u)(1 − u)
This result also agrees with the matching obtained from the standard beam function calculation. All the matching coefficients are collected in sec. 3.1.
